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QOutline

* Linear Multi-Step (LMS) methods

« Coefficients of integration formula

* Order of integration method

* Implicit method with nonlinear devices
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Review of FE and BE

(t)_w:

f(y(t)) Let y, be the simulated value of y(t.):

v, = ¥(t,)

Let y, = f(»,)~ F0(5,)) = ¥(2,)
' 0

2010-11-19

t ., ot
yn_yn—l_hyn_lzo yn_yn—l_hynzo
Forward Euler Backward Euler
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Review of TR

0 Trapezoidal Rule
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Common Feature

FE

yn_yn—l_hyn—lzo

BE

TR

2

h ° °
e —(y<+ ynlj =0

\

yn_yn—l_hyn :O

\

v, =f(3,)

Common Feature:

The next step value y,, is solved from a linear combination of

Y. and y’ . at multiple backward time steps.

=» We can develop other integration methods based on the

same principle.
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Linear Multi-Step (LMS) Method

» Generalized Integration Formula

Sap th 350 0 @y

ay,,+n, Yo =V (= .

i=0 =0 e ’ y = dy(tn—i)
n-i dt_

Coefficients ci’'s and (3;'s are to be h,=t,~1,,

determined. _
non-uniform
time-step
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Solving the Unknowns

(ﬁaiynij+(hniﬁj §/njj :0’ (0(0 :1)

A A
e N 7

~
! . m .

yn T Zaiyn—i T (hnlBO yn+ hnZlBj yn—j j = 0
1 =1

i
v = 1)

Unknown Unknown

Depending on whether 3, is zero, the methods are divided into
“explicit” and “implicit” methods.
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Explicit and Implicit LMS

o (EXPLICIT) By=0 : y, is obtained directly

14 m
yn = _Zaiyn—i o hn ZlBif(yn—i)
=1 i=1

e (IMPLICIT) B,#0 : y, has to be solved because of f(y,)

! m
Y, + hnlBOf(yn) = _Zaiyn—i o hnZlBif(yn—i)
=1 i=1

(By Newton-Raphson iteration if f(y,) is nonlinear)
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Special Cases of LMS

k m .
Za/yn—i +hnZ:Bjyn_j =0, (ao = 1)
i=0 =0

Forward Euler :

yn_yn—l_hyn—le
a,=1, a=-1, B,=0, B, =-1 (Explicit)

0 1

Backward Euler :

yn _yn—l_hyn :O

a, =1, a=-1, B,=-1, B, =0 (Implicit)
Trapezoidal Rule : vy -y —g(YH’l) 0
a, =1, a =-1; Bo =-1/2, [31 —_1/2 (Implicit)
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How to Determine Coefficients ?

Basic Principle —
* Assume uniform timestep (h): t =1h.

« Assume the LMS method is “exact” for a set of
polynomials.

(Zaiyn—ij +[?iﬁj §/n—j ) =0, (050 =1)

h =h

n
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Test Polynomials

An LMS is required to be exact for a set of test polynomials.

Derive o; and 3; .

Kk m .
Zaiyn—i +thBi yn—i :0’ (0[0 :1)
i=0 i=0

An n" order polynomial

n-1

p(t)y=at"+a " +---+at+a,

IS a linear combination of basis polynomials: 1, t, t?, t3, ..., t".

w(t)=1t" |:> y(t _)=(_) =[(n—-i)h]" |(notconvenient)
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Why use polynomials?

B Taylor expansion — Any smooth function can be
approximated by a polynomial.

k x(i) _
()= )y ogi—

o 1!

= Any pth order polynomial can be expressed
In a linear combination of some basis
polynomials b,(t) forqg=0, ..., p.

= | et the kth order LMS be exact for a set of
basis polynomials of order <k =» the
coefficients.
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Easier Test Polynomials

Choose another set of polynomials:

(Lt ' (t, -t Y (nh—(n-i)hY
y(t)—[ ) j —) y<rn_,->—[ , J—( : ]

° k(t -\ ‘ k(-1 q_l__ﬁ -1
y(t):_Z(Tj :> wt,) = h( ; ) = h(l)
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Test Polynomials

1) Choose a set of test polynomials out of convenience:

r

yn—i = pq (tn—i ) = iq

y(t)=pq(t)=(t"h‘t], G=0..p > <

9 o1

Yni = pq(tn—i ) == h

\

2) Substitute into the formula and equate to 0:

Zk:aiiq_iﬂiqjq_lzo; q=0,--,p
i=0 i=0
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Determine the Coefficients

k m .

Zaiyn—i +hzﬂl yn-i :0’ (aO :])
i=0 i=0

There are (k+m+1) coefficients:

a, (i=1--,0) B (i=1--m)

l

3) Create (k+m+1) equations to solve the coefficients.
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Coefficient Equations

j‘> aq; (l=1,,€), ﬁl (l:].,,m),
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Order of Integration Method

Definition:

An LMS formulais a pt" order method if

1) the LMS formula holds exactly for all
polynomials p(t) of up to degree p;

2) but not for some polynomial p(t) of degree p+1.

The highest order of polynomials for which the LMS formula
holds exactly.
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Order of Forward Euler

1. Forward Euler: y =y . +hy =» st order method

=" a,=-1 B,=0, g =-1%

Exact for linear functions.
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Order of Backward Euler

2. Backward Euler:  y =y | +h}n = 1storder method

Exact for linear functions.
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Order of Method

3. Trapezoidal Rule: y =y +§( o+ ynlj

ay="1 a,=-1 p,=-12, p,=-1/2,

g izzlolai:O J qg=0

gzal-,b’l:al By, =5 =0 J q=1

) gzzal-Zz,b’l:al 23, =0 v
| Sreatnea-apeo X 4=3

=»  2nd order method

Exact for quadratic functions.
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Creating your own LMS

Choose an order of accuracy p.
Choose the number of integration steps, k >p/2.
Write down (p+1) coefficient equations.

If kK > p/2, choose other constraints to determine q;
and ;.

> w N

k ko e
Zaiyn—i + hnZIBz Vi =0, (ap =1)
i=0 i=0

There are 2k unknowns if 3,=0;

2k+1 unknowns if 3, 0.
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Gear’s Integration Formula

k m °
General LMS dYay, ,+h> By, =0 (a=1)
i=0 i=0

Choose B’s =0foralli>0: A, = f,=...= B, =0; B #0

k .
- (Z a,-ynij +h,f v, =0
i=0

° 1 k
- |y, =2 @ £ 0
0 i=0

called k" order Backward Differentiation Formula (BDF). Also
known as Gear’s formula.
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Gear’s Formulas

k .
kth order Gear formula: (Zaiynij_i_hnﬂO y, = 0
i=0

The coefficient equations: Z(i")a.—(qooq‘l)ﬂon' g=0,1-k

g iaizO q=0 a =1
i=0
k
< ;i-al—ﬂon g=1
k
L Z(iq)al.—ﬁozo qz2
i=1
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15t Order Gear

1 PY )
k=1 Zaiyn_i—l_hﬁoynzo > yn+a1yn—1+h180ynzo
i=0

a,+a, =0 :> a, =-1, B, =-1,
a, = f,

' B
j‘> y -y . =hy Same as Backward Euler
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21d Qrder Gear

2 .
k:2 Zaiyn—i+hﬂ0ynzo
i=0 °
:> vty +ay, ,+hfpy, =0
Coef. egn.:
(o, +a, +a, =0,
ao =1 <a1+2a2:IBO’ j alz_i,azzl,ﬂoz_g’

a, +4a, =0.

AV S
> yn Byn—l 3yn—2 Byn
> 3yn _4yn—1+yn—2 :)./

2h "
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3d Qrder Gear

=~
1
w

3 o
Zaiyn—i +hﬂ0 yn :O
i=0

Coef. egn.:

a. Oy = —, 3
a, +2a, + 11 11
3
o, +4a, +9a, =0, j g =0

a, +8a, +27a, =0.
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Other LMS Methods

Adams-Bashforth (B,= 0; explicit )

k m o m o
Zaiyn—i+hnzlgiyn—izo’ (aO :1) I:> yn_yn—1+hnzlgiyn—izo
i=0 i=0 i=1

order =1 Vn = Vna +hyn—1 Same as F.E.

3 1°-
order=2| Vo=YVoath =V, 1a—=V.o

order = Kk £ o, =1
Zolal.—O, |:> {a1=—1
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Other LMS Methods

Adams-Moulton (B,# 0; Implicit)

k m . m .
v . +h 'y =0, =1 - =
;alyn_l ”;ﬂl y”_’ (ao ) I:> yn yn—l +hn§ﬂz yn—z O

S, #0; a =0, i=2,-k;

order=1] v =y _.+hy Same as B.E.

1

. 1 °
order=2| y =y ,+h (5 Ty nlj Same as T.R.

Ordel’:3 yn :yn_l_i_h(_ﬂoyn_ﬂlyn—l_ﬂZ yn—2)

order = k+1
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Summary

* Linear Multi-Step (LMS) Method

W.
OM»

m o
ax .+ Zh,b’l Xn-i =0
0

* Order of method
— Tested by polynomials of degree p

— If order of method is p, then the Local Truncation
Error is O(hr1)
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