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QOutline

e Solving a nonlinear circuit
Linearization and Newton-Raphson
Jacobian

Stamping nonlinear elements
= Diode stamp

= Nonlinear resistor stamp

= MOS stamp

Nonlinear transient simulation



A Nonlinear Circuit

The diode equation Is nonlinear: @ @
| oy M-
b = lsa (€% 1) G,=2 |,
assuming /,=1A. ?Q =1
J=1
Write KCL equations at nodes | ©
1 and 2:
lel + GZ (Vl —V2) =1 (1)
40V Solve the nodal voltages.
2(v, —vy)+(e 2-1)=0 (2

N\

This part is nonlinear!




Solve by root-finding

{lel +Gy(vp —Vy)=1 = 3v;-2v,=1 (1)

40
2(Vy —Vy)+(e 2 -1)=0 )
From eqn (1): Vi=3+3V2

: . 40v
Substitute it into egn (2): 2(Vo —Vq)+ (e 2 —1) =0

2 5 40v
f(vo)i=—V, ——+e"7"2 =0
‘ (Vy) 3V2 73

We get one nonlinear equation.

Need to find a root_for the nonlinear equation: ~ f(vo)=0
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Nonlinear Root Finder

A general method for solving nonlinear f(x) =0 is by
iteration.

e The iteration is derived from “linearization.”

tangent line

Taylor expand f(x) at a point x = a: R4 .

f(x)=f(a)+f'(a)(x—a)+...
Ignoring the high-order terms,

y =t,(x)=1(a)+1'(@)(x-a)

IS a tangent line at (a, f(a)).



Nonlinear Root Finder

Find the point where the tangent line crosses the x-axis:

t (x)=f(a)+f'@)(x-a)=0

tangent line

) x,=a-[f'@] f(a) 1y N\

Repeat this process.




The Newton-Raphson Algorithm

For a scalar nonlinear equation f(x) = 0, the following iteration
can find a root:

(1) 5 (k) _ [f -(X(k))]‘lf(x(m)

The initial point x© is arbitrary.

Ly y =f(x)

We shall discuss the

Conve_rging . |
X*p\imt §St§§it'nrlg convergence problem
, ¥ . later.
xZ)_ @) (0) X




Go back to our example ...

We would like to solve : ()= %vz _§+e4OVz -0

by the iteration v =v [ ’(vgk’)]_lf(vg‘))

f(Vz)/

The derivative is:  f'(v,) = % + 40e%0v2

.0
2
Choose V.’ =0.1V

we get the following iterations: 2 -1)
<_V2“\
Vél) =0.07574,---, V§4) ~0.01883, --- 0.01264V O.l\V

v = v £0.012644, --- (converging ...)
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Newton-Raphson Iteration (recap)

1. Choose an initial voltage;

2. Follow the tangent line to

get the zero-crossing point;

3. Repeat the process.

Formal Algorithm: v{?) satisfies

Linearization ==-::-:: s 0=f(V§1))+f'(V§1)XV§2)—Vgl))l

N.R. lteration: === | {2 =y _fru®) (@)
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Multiple Nonlinear Equations

 How to solve n variables from n equations, with at least one
nonlinear;

 i.e., how to solve f(x) = 0 where both f and x are vectors?

We have a system of nonlinear f. (X, X,) =0; ] =1,---,n
multivariate equations:

Use multivariate Taylor expansion for each f(x):

of of (@) T
fj(xl,...’xn):Tfj(al’,,,’an)_l_( j(a)’m’ ,(a)) E

OX, OX
/

linearized part

X —a

n n




Linearization

Putting n Taylor expansions together:

an)+£af1(a),n_

fl(xl’...’xn) :fl(al’...’

fj(Xl’”"Xn) :fj(ai,...’

2010-10-22
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Linearization in Matrix-Vector Form

X :(Xl,...’xn)T
A@ oL@ a=(a,a)
f, (x) f,(@) Ox, ox, X —a are vectors.
o= s |+ S
f (X) f (a) o,@ @ (X —a,
OX, OX_

\ J
@ !

Jacobian Matrix
In compact form:

F(x) = f(a)+ @)

(X—a)+---




Jacobian Matrix

of (a) of (a)
OX (’9xn

y = f(x) ::> af(a)ZLﬁi(a)j _ E 5
OX axj
wn || of (a) ot (a)

OX OX_

1

/

Linearized equation
atx=a

f(x)=0 > f(a)+{6;§(a)}(x—a):o
et A=Z bo—f@ ) [AG-a)=b
Solve (x-a).



Multivariable Newton-Raphson

[ fl(Xl"”’Xn)\

Given
f(Xl’“"Xn)_
kf (xl, . n)
Denote the "Jacobian matrix" ﬁ ﬁ
0% OX,
J()_af(x) afi(x) o
OX OX; ' -
L I P Y
k
f(x(k))_l_{af (aX( ))}(X(k) ~a)=0 0% OXn
X

‘ x (K+D) _ 5 (k) —[J(V(k)) ]_1f(x(k)) NR lIteration
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Summary

 Nonlinear equations f(x) =0 are solved by
linearization.

« Once again, we are solving Ax =Db.

« But have solve Ax =Db for many times until
convergence.

5 (D (K) —[J(v(k)) Tf(x(k))

1T
[ J(X(k)) ](X(kﬂ) _ X(k)) _ _f (X(k))
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Simulator Perspective

e |In a simulator implementation, we do NOT
formulate nonlinear equations then solve.

 Rather, we do nonlinear element stamping

following the principle of “Newton-Raphson
lteration”.

* |n transient simulation, we’ll have two loops:
= The outer loop is for time advancing;
= The inner loop is for NR iteration.



Nonlinear Element Stamping

 Nonlinear devices are stamped by the principle of
“linearization”.

Recall the Newton-Raphson iteration:

[J(V(k))](x(kﬂ) X(k)) f(X(k))

q [J(V(k))]x(kﬂ) [J(V(k))]x(k) _f(x1)

g J — _
~" '

A RHS

In Spice simulator, matrix A and RHS are filled up dynamically via
element-by-element stamping (both linear and nonlinear).



Back to our example again ...

. . . Go=2
We'll work it out again by stamping. QI @
Idea: Linearize the diode equation o
_ 1 Gi=1 Y
at the previously solved voltage:

: o ov. )
=% 1| [y <>=40¢’

oV

ol )
ilgkﬂ) ) ilgk) +[ : j (VD _
ov nearization oo
D (linearization point)

dig ) _ dig ) _
— D i (K) D (k) : .
= ( ) Vg +| I —( ] Vg Linearized

Vp current equation
H—l = ~" =
equiv G equiv current |
2010-10-22 Lecture 8 slide 18




where

Companion Network

ag(v")

oV

(V(k+1) —v(k))

V(k+1) 4 I(gk)

(k) og(v™)
\8v |
L\

)

T\
%Gé“ Ol

2

2010-10-22

Companion network
(linearized)

I-V relation: 1 =g(V)

This term is zero

for linear devices, .
(k) _
[ - v
\

(—

Linearize

+
i v = g(v(“)

G, and |, are updated

. 07 o
during iteration ! siide 19
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Stamp for Diode

The companion network is used for stamping.

i(n+1) _ G(()n) V(n+1)+ |(()n)
The diode stamp:
N* N RHS
SR
N- —G(()n) G(()n) +I(()n)
ag(v\™) (M]_i(n)
) oV ! 0 |
2010-10-22 Lecture 8
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Diode Stamping - Look Closer

@ G2=2 @
Solving nonlinear circuit by stamping W~
: J=
i[()n+1) _ i[()n) 4+ Yo 5 (u(n+1) uén)) 1 §6121 \V4

{[40 plouy’ ))D G | 5
[ L4O @0us™) uén) _(6(40ug'1)_1)l]

Matrix stamping: RHS

WO @ fre) [\
@ @-t0sg e aoers (e
The diode “load” function does

these updates at each iteration.




A closer look at Diode Stamping

G2=2
© St @
J=
%) § Gi=1 Y
| ©,
Stamp for G, and Diode RHS
1 S
40 e(4OU§”)) 40 e20u" Uén) _ (e4ou§n) _1)
Stamp for G, |
putting

5 2 together 149 -2
2 2 2 2+40e%)



Resistive Diode

internal node ~— 3
.,_
Exercise: Write down the V

stamp for this resistive
diode.

Spice has such a diode model.



Nonlinear Transient Simulation

e How to do atransient simulation of a circuit with

nonlinear elements?
Backward Euler + Newton-Raphson

i, =" -1
D 2
@ ~ 2 0O 1 2 RHS
L~
| ol & o -& ~Fv(t-h)
OFPRENNSL T : . \
1] 0|ge —ge®r J— IE()nZQ
A\
© 2 [-Z|_g eat” (a ooty C_j Cvog—hy+1
h h h
L RY\/
At time t = t,, do NR-iteration vy =y —yM
until convergence, then o -
advance timeto t = t,, . |§<= ae™ vg’ —(e% _1)
slide 24
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Simulate this circuit

R2

@ A @
ls %} Rl% <~ D1 <~ D2 —

Assume an appropriate model for the two diodes.

||
|
O




V(n+1) _

r (I (n+1)

V(n+1) r (i(n

Nonlinear Resistor

)i

R {r(i(”))—f(i(”))i(”)}

v = r(i)

Jar (i®) e r (i0)(i0 _ )

current

controlled
nonlinear

resistor

W

| < +

R™ = (i)

MNA stamp:
N* | N- i RHS
N* +1
N- -1
+1 | -1 | =r(i™) | V™
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MOSFET Model

Level 1 Spice model (resistive region) J D
lvgs >Vt lvds <Vgs _Vt G I B
lds =lds (Vgs Vs ) _‘ S

W Assume Vtis independent of Vb
- (jK’[(Vgs -V )‘/ds _1des] " S
L 2 Choose source (S) as the

reference node.

- oy W,
Im = T K Vds
. Ny L
oy, W,
. gdS = avdss - B K (VgS _Vt _VdS)




MOSFET Linearization

G
Om

‘lds =lgs (Vgs Vds )‘ +e Voo 2
Vas ¢ Yas <> ly
B S

Linearization

< (Bi-variate function)

) =1V v )
1 n n+1 n
ARV RV ) Rl V)
ﬂ, 1 1 |i \ hd
- ggnn £§~2+ )J“ gég d(anr ) |(()n) (two partial derivatives)
1§72 146 (VO VL) - gV - g iV
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MOSFET Stamp

las =1as (Vgs Vas )| L&D

n+1 )V (n+1) +gds)vdn+1 0 ‘ S

o o (VO VD)

gs
d —
N Ns N9 RHS o 8Vgs
N | ggs™ |-9gs™-9," | 9,™ - 1,™
5| (V(n) V(n))
NS | -94™ | 94™ +9g,,™ | -g,,™ ,™ g(n) gs
\ oV
\ ds

(entries depend on the iteration step)
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